Abstract. Natural cubic interpolatory splines are known to have a minimal L 2 -norm of its second derivative on the C 2 (or W 2 2 ) class of interpolants. We consider cubic splines which minimize some other norms (or functionals) on the class of interpolatory cubic splines only. The cases of classical cubic splines with defect one (interpolation of function values) and of Hermite C 1 splines (interpolation of function values and first derivatives) with spline knots different from the points of interpolation are discussed.
Introduction
Let us be given an increasing spline knotset x i , i = 0(1)n + 1 on the real axis with prescribed values s i , i = 0(1)n + 1 at the knots x i . The cubic splines s(x) = s 31 (x) ∈ C 2 interpolating the prescribed function values have two free parameters which can be used for some boundary condition prescribed or to optimization purposes. The natural cubic interpolatory spline (with BC s (x 0 ) = s (x n+1 ) = 0) is known to minimize the L 2 -norm of the second derivative on the class of interpolants from
. We can search for cubic splines minimizing some other norms of the spline or of the vector of the corresponding derivative values at knots (or another functional which can give a measure of some geometric or physical properties of the process described by the data given). When at a knot x i we are given the function value s i = s(x i ) and the value m i = s (x i ) of the first derivative, then the Hermite local cubic interpolatory spline s 32 (s) ∈ C 1 is determined uniquely. To obtain some free parameters, let us prescribe such data at some points of interpolation t i , i = 0(1)n;
. We obtain again some free parameters which can be used for minimization purposes.
There is an open question of the optimal position of knots with respect to the data given. We will consider the cases of minimized functionals (spline norms squared)
or the corresponding discrete analogs
In the simplest cases (J kd with w i = 1) we can obtain the optimal parameters using the pseudoinverse solution of the system of continuity conditions (see [1] 
The spline continuity conditions (CC) which guarantee C 2 -smoothness can be written for this local representation as the recurrence (see e.g. [5] )
i = 1(1)n.
The (n, n + 2)-matrix on the left-hand side of CC has the full row rank. The unknown local parameters M i of the unique cubic spline which minimizes the functional
